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Abstract

It is well known that any symplectic manifold (M,Ω) has an almost complex structureJ which is
compatible withΩ. In this paper, we deal with the existence of compatible pairs(J,Ω) on nilpotent
Lie algebrasg of dimension≤6, J being anintegrablealmost complex structure. We prove that if
such a pair exists,J must satisfy some extra conditions, namelyJ must be nilpotent in the sense
of [Trans. Am. Math. Soc. 352 (2000) 5405]. Associated to any such a compatible pair, there is a
pseudo-Kähler metricg which cannot be positive definite unlessg be abelian. All these metrics are
Ricci flat, although many of them are nonflat, and we study the behaviour of its curvature tensor
under deformation.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

A pseudo-Kähler(or indefinite Kähler) structure(J,Ω) on a Lie algebrag consists of a
nondegenerate closed 2-formΩ and a complex structureJ ong which arecompatible, i.e.
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Ω(JX, JY) = Ω(X, Y), for all X, Y ∈ g. Here, by a complex structureJ on g we mean an
endomorphism ofg such thatJ2 = −Id, and without torsion in the sense that the Nijenhuis
tensor ofJ vanishes. Given a pseudo-Kähler structure(J,Ω) ong, there exists an associated
nondegenerate symmetric 2-tensorg on g defined byg(X, Y) = Ω(X, JY) for X, Y ∈ g.
We shall say thatg is apseudo-Kähler metricon the Lie algebrag.

It is well known[1,7] that if the Lie algebrag is nilpotent then the metricg associated
to any compatible pair(J,Ω) cannot be positive definite, unlessg be abelian. However,
examples of nilpotent Lie algebras with pseudo-Kähler metrics abound in the literature,
although as far as we know a general classification result is not available if dimg ≥ 6.
In dimension 4 it is already known that, apart from the abelian Lie algebra, only the Lie
algebraKt underlying the Kodaira–Thurston nilmanifold[9] possesses compatible pairs
(J,Ω); actually, any complex structureJ onKt admits a compatible symplectic formΩ.

Our goal in this paper is to classify six-dimensional nilpotent Lie algebrasg admitting
pseudo-Kähler metrics. Since these metrics are in one-to-one correspondence with compat-
ible pairs(J,Ω) ong, we introduce the following spaces. For any complex structureJ fixed
on g, we denote bySc(g, J) the set of all symplectic formsΩ on g which are compatible
with J . Each setSc(g, J) is open in the vector space consisting of all real closed 2-forms
of bidegree(1,1) with respect toJ , and therefore, if it is nonempty, its dimension can be
computed explicitly. Hence, the existence of a pseudo-Kähler metric ong is equivalent to
prove thatSc(g, J) �= ∅ for someJ ∈ C(g), whereC(g) consists of all complex structures
on the Lie algebrag.

The paper is structured as follows. InSection 2, starting from Salamon’s characteriza-
tion [8] of the existence of complex structures on six-dimensional nilpotent Lie algebras
g, we prove inTheorem 2.5that the complex structureJ underlying any pseudo-Kähler
metric ong must benilpotent in the sense of[3]. Therefore,Sc(g, J) is empty for any
nonnilpotentJ on g. Using this fact,Corollary 2.8exhibits a nilpotent Lie algebra having
complex structuresJ and symplectic formsΩ, but admitting no compatible pair(J,Ω).
To our knowledge, this is the first known example of such a situation on a nilpotent Lie
algebra.

Section 3is devoted to classify six-dimensional nilpotent Lie algebras with complex struc-
turesJ admitting compatible symplectic formsΩ. The algebras are listed inTheorem 3.1,
and along its proof we construct explicit pseudo-Kähler metrics when they exist. Our clas-
sification result can be summarized as follows: in dimension 6, ifg has symplectic forms
and nilpotent complex structures, then there always exists a compatible pair(J,Ω) ong.

Since any pseudo-Kähler metric ong is Ricci flat[6], Propositions 3.5–3.10provide many
explicit examples of Ricci flat pseudo-Riemannian metrics and, even more, many among
these metrics are nonflat as it is shown inTheorem 4.1. We also study inSection 4.1the
variation of the curvature tensor along curves consisting of pseudo-Kähler metrics, showing
how a flat metric can be deformed to a nonflat one, and vice versa, on a particular Lie
algebra.

Finally, notice that ifG is a simply connected nilpotent Lie group admitting a latticeΓ of
maximal rank, then any left invariant pseudo-Kähler metric onG induces a pseudo-Kähler
metric on the compact nilmanifoldΓ \G in a natural way. In fact,Ω descends to a symplectic
form onΓ \Gwhich is compatible with the complex structure induced on this quotient. Since
left invariant pseudo-Kähler metrics onG are canonically identified with pseudo-Kähler
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metrics on its Lie algebrag, it suffices to work at the Lie algebra level in order to inves-
tigate some properties of the corresponding metric on the compact nilmanifoldΓ \G (see
Section 4.2for more details).

2. On the nilpotency of the complex structure

Let g be a Lie algebra, and denote by [·, ·] its bracket. Thedescending central series
{gk}k≥0 of g is defined inductively by

g0 = g, gk = [gk−1, g], k ≥ 1.

The Lie algebrag is said to benilpotentif gk = 0 for somek.
A complex structure Jon a nilpotent Lie algebrag is an endomorphismJ : g→ g of the

Lie algebra such thatJ2 = −Id, and

[JX, JY] = J [JX, Y ] + J [X, JY] + [X, Y ]

for anyX, Y ∈ g. Associated toJ , there exists an ascending series{al(J)}l≥0 on the Lie
algebra, defined inductively by

a0(J) = {0}, al(J) = {X ∈ g|[X, g] ⊆ al−1(J)and [JX, g] ⊆ al−1(J)}, l ≥ 1.

If al(J) = g for somel, then the complex structureJ is callednilpotent[3].
There are two special classes of nilpotent complex structures. A complex structureJ

satisfying [JX, JY] = [X, Y ] for all X, Y ∈ g, is obviously nilpotent and it is called
abelian.

On the other hand, ifg is complex as a Lie algebra then its canonical complex structure
J satisfies [JX, Y ] = J [X, Y ] for all X, Y ∈ g and it is clearly nilpotent. However, in[4] it
is proved that any closed 2-form compatible with such aJ is always degenerate.

In addition to describing the Lie algebrag in terms of its bracket [·, ·], we shall mostly
use the Chevalley–Eilenberg differential d on the dualg∗. Since dω(X, Y) = −ω([X, Y ]),
the two descriptions are equivalent.

When a complex structureJ is fixed ong, there is a natural bigraduation induced on
the spaces∧k

C
(g∗) = ⊕p+q=k ∧p,q (g∗), where∧k

C
(g∗) denotes the complexification of

∧k(g∗). We shall also denote by d :∧k
C
(g∗) → ∧k+1

C
(g∗) the extension to∧k

C
(g∗) of the

Chevalley–Eilenberg differential.
Let g andg′ be Lie algebras endowed with complex structuresJ andJ ′, respectively.

A complex isomorphismbetween(g, J) and(g′, J ′) is an isomorphismα : g→ g′ of Lie
algebras such thatα ◦ J = J ′ ◦ α. The latter condition is equivalent to say thatα, extended
to the complexifications, preserves the bidegree.

It is clear that, ifα : (g, J) → (g′, J ′) is a complex isomorphism, thenΩ′ is a symplectic
form ong′ compatible withJ ′ if and only if its pullbackΩ = α∗(Ω′) is a symplectic form
on g compatible withJ . Therefore, the existence problem of compatible pairs is set up to
complex isomorphisms.
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Let J be a complex structure on a nilpotent Lie algebrag of real dimension 6. From
Salamon’s paper[8], this is equivalent to the existence of a basis{ω1, ω2, ω3} for g1,0 =
∧1,0(g∗) satisfying

dω1 = 0, ω1 ∧ dω2 = 0, ω1 ∧ ω2 ∧ dω3 = 0.

These conditions imply that the expressions of dω1,dω2 and dω3 in terms of{ωj, ω̄j}3
j=1

must have the form:

dω1 = 0,

dω2 =A12ω1 ∧ ω2 + A13ω1 ∧ ω3 + A11̄ω1 ∧ ω̄1 + A12̄ω1 ∧ ω̄2 + A13̄ω1 ∧ ω̄3,

dω3 =B12ω1 ∧ ω2 + B13ω1 ∧ ω3 + B11̄ω1 ∧ ω̄1 + B12̄ω1 ∧ ω̄2 + B13̄ω1 ∧ ω̄3

+B23ω2 ∧ ω3 + B21̄ω2 ∧ ω̄1 + B22̄ω2 ∧ ω̄2 + B23̄ω2 ∧ ω̄3 (1)

for some complex coefficientsA’s andB’s. Moreover, the complex structureJ is nilpotent if
and only if there is a basis ofg1,0 such that all the coefficientsA12, A13, A12̄, A13̄, B13, B13̄,

B23 andB23̄ vanish (see Theorem 12 of[3]). In addition,B12 = 0 if and only ifJ is abelian
according to the previous definition.

Therefore, the nilpotent Lie algebras admitting a complex structure are determined by
the structureequations (1)where the coefficientsA’s andB’s must satisfy those com-
patibility conditions imposed by the Jacobi identity of the corresponding bracket (which
is equivalent to requiring d(dω2) = d(dω3) = 0) and the nilpotency of the Lie
algebra.

In Lemma 2.1, it is proved that, up to complex isomorphism, we can always suppose that
the coefficientsA12̄, B13̄, B23 andB23̄ in (1) vanish.

From now on, let us denote by{Z1, Z2, Z3} the basis forg1,0 dual to{ω1, ω2, ω3}.

Lemma 2.1. Let J be a complex structure on a nilpotent Lie algebrag of dimension 6.
Then, the complex structure equations of(g, J) can be expressed as

dω1 = 0,

dω2 = A12ω1 ∧ ω2 + A13ω1 ∧ ω3 + A11̄ω1 ∧ ω̄1 + A13̄ω1 ∧ ω̄3,

dω3 = B12ω1 ∧ ω2 + B13ω1 ∧ ω3 + B11̄ω1 ∧ ω̄1 + B12̄ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1

+B22̄ω2 ∧ ω̄2,

where the coefficientsA’s andB’s are complex numbers satisfying the compatibility con-
ditions imposed by the nilpotency ofg and the Jacobi identity of the bracket ofg.

Proof. Let us first see that the coefficientB23 in Eq. (1)must be zero. In fact, ifB23 does
not vanish then thekth bracket [Z2, · · · [Z2, [Z2, Z3]] · · · ] = (−B23)

kZ3 is nonzero for
anyk ≥ 1, which is in contradiction to the nilpotency ofg.

A similar argument, but now using the bracket [Z2, Z̄3] = −B23̄Z3 and its com-
plex conjugate [̄Z2, Z3] = −B̄23̄Z̄3, leads to the fact that the nilpotency ofg implies
B23̄ = 0.
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Next we show that inEq. (1)we can also consider thatB13̄ = 0. First of all, let us consider
the complex transformation defined by

ω′
1 = ω1, ω′

2 = ω2, ω′
3 = ω3 − P

Q
ω2, (2)

whereP,Q ∈ C, andQ �= 0. From(1) with B23 = B23̄ = 0, we get that with respect to
the basis{ω′

1, ω
′
2, ω

′
3} for g1,0 the structure equations become

dω′
1 = 0,

dω′
2 =A′

12ω
′
1 ∧ ω′

2 + A′
13ω

′
1 ∧ ω′

3 + A′
11̄
ω′

1 ∧ ω̄′
1 + A′

12̄
ω′

1 ∧ ω̄′
2 + A′

13̄
ω′

1 ∧ ω̄′
3,

dω′
3 =B′

12ω
′
1 ∧ ω′

2 + B′
13ω

′
1 ∧ ω′

3 + B′
11̄
ω′

1 ∧ ω̄′
1 + B′

12̄
ω′

1 ∧ ω̄′
2 + B′

13̄
ω′

1 ∧ ω̄′
3

+B′
21̄
ω′

2 ∧ ω̄′
1 + B′

22̄
ω′

2 ∧ ω̄′
2,

where we denote byA′’s andB′’s the new coefficients. It is easy to check that

B′
13̄

= B13̄ − A13̄
P

Q
. (3)

Now, if B13̄ �= 0 andA13̄ = 0 then from(1) we have [Z1, Z̄3] = −B13̄Z3 and [Z̄1, Z3] =
−B̄13̄Z̄3, which imply thatZ3, Z̄3 ∈ gk for any k ≥ 1, and this is a contradiction to the
nilpotency ofg. Thus, ifB13̄ �= 0 thenA13̄ �= 0 and we can consider(2) with P = B13̄ and
Q = A13̄. From(3) it follows that the new coefficientB′

13̄
= 0.

Therefore, we can suppose without loss of generality that the coefficientsB13̄, B23 and
B23̄ in (1) vanish. Moreover, a direct calculation shows that the condition d2ω2 = 0 is
equivalent to the following relations:1

(121̄)2 A13B21̄ − A13̄B̄12̄ − |A12̄|2 = 0, (11̄2̄)2 Ā12A12̄ + A13̄B̄12 = 0,

(122̄)2 A13B22̄ − A13̄B̄22̄ = 0, (11̄3̄)2 Ā13A12̄ + A13̄B̄13 = 0,

(131̄)2 A12̄Ā13̄ = 0.

If A12̄ does not vanish then condition(131̄)2 impliesA13̄ = 0, and from(11̄3̄)2 we also get
A13 = 0. But this is in contradiction to(121̄)2. Thus, the coefficientA12̄ must be zero.�

In the next two propositions it is proved that eitherB22̄ �= 0 orB22̄ = A13̄ = 0 imply the
nilpotency of the complex structure.

Proposition 2.2. If in the structure equations given inLemma 2.1the coefficientB22̄ �= 0,
then the complex structure J is nilpotent.

Proof. A direct calculation shows that the condition d2ω3 = 0 is equivalent to the following
relations:

1 In what follows, we shall use the labels(jkl̄)v and(jk̄l̄)v for the coefficients ofωj ∧ωk ∧ ω̄l andωj ∧ ω̄k ∧ ω̄l,
respectively, in the equation d2ωv = 0, for v = 2,3.
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(121̄)3 A12B21̄ − Ā11̄B22̄ − B13B21̄ = 0, (11̄2̄)3 A11̄B22̄ − Ā12B12̄ = 0,

(122̄)3 A12B22̄ − B13B22̄ = 0, (11̄3̄)3 Ā13B12̄ + A13̄B21̄ = 0,

(131̄)3 A13B21̄ + Ā13̄B12̄ = 0, (12̄3̄)3 A13̄B22̄ = 0,

(132̄)3 A13B22̄ = 0, (21̄2̄)3 Ā12B22̄ = 0,

(231̄)3 Ā13̄B22̄ = 0, (21̄3̄)3 Ā13B22̄ = 0.

From (132̄)3, (231̄)3 and(21̄2̄)3 it follows thatA12 = A13 = A13̄ = 0. SinceA12 = 0
the equality(122̄)3 impliesB13 = 0. Now, from(121̄)3 we deduceA11̄ = 0. Thus, the
structure equations of(g, J) are

dω1 = dω2 = 0,

dω3 =B12ω1 ∧ ω2 + B11̄ω1 ∧ ω̄1 + B12̄ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1 + B22̄ω2 ∧ ω̄2

and thereforeJ is nilpotent. �

The next result shows how the coefficients in the structure equations must be chosen in
order to ensure the Jacobi identity of the corresponding bracket.

Lemma 2.3. If B22̄ = 0 in Lemma 2.1then, the Jacobi identity is satisfied if and only if

(121̄)2 A13B21̄ − A13̄B̄12̄ = 0,
(11̄2̄)2 A13̄B̄12 = 0,

(11̄3̄)2 A13̄B̄13 = 0,

(121̄)3 A12B21̄ − B13B21̄ = 0,

(131̄)3 A13B21̄ + Ā13̄B12̄ = 0,

(11̄2̄)3 Ā12B12̄ = 0,

(11̄3̄)3 Ā13B12̄ + A13̄B21̄ = 0.

Proposition 2.4. If the coefficientsA13̄ andB22̄ in the structure equations given inLemma 2.1
vanish, then J is nilpotent.

Proof. First of all, sinceA13̄ = 0, if we proceed as inLemma 2.1and consider a complex
transformation(2) with P = B13 andQ = A13, then we can suppose without loss of
generality thatB13 = 0.

On the other hand, the coefficientsA’s andB’s in the structure equations must satisfy
certain relations imposed by the nilpotency ofg, together with the conditions ofLemma 2.3.
But now, sinceA13̄ = B22̄ = B13 = 0, these conditions reduce to

(121̄)2 A13B21̄ = 0, (11̄2̄)3 Ā12̄B12̄ = 0,

(121̄)3 A12B21̄ = 0, (11̄3̄)3 Ā13B12̄ = 0.

If B12̄ �= 0 orB21̄ �= 0 then these equations implyA12 = A13 = 0, and thus the complex
structureJ is clearly nilpotent.
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Therefore, it remains to study the caseB12̄ = B21̄ = 0, so next we will restrict our
attention to structure equations of the form:

dω1 = 0, dω2 = A12ω1 ∧ ω2 + A13ω1 ∧ ω3 + A11̄ω1 ∧ ω̄1,

dω3 = B12ω1 ∧ ω2 + B11̄ω1 ∧ ω̄1 (4)

and we shall show that in this case the nilpotency of the Lie algebrag implies the nilpotency
of the complex structureJ .

We consider two cases depending on the vanishing of the coefficientA13 in (4). If A13 = 0
thenA12 = 0, because otherwise from(4) it would follow that thekth Lie bracket:

[Z1, · · · [Z1, [Z1, Z2]] · · · ] = (−1)k(Ak
12Z2 + B12A

k−1
12 Z3) �= 0

for anyk, which is in contradiction with the nilpotency ofg. But if A13 = A12 = 0 thenJ
is nilpotent.

Next, let us supposeA13 �= 0. In this case, by multiplyingω2 by 1/A13, we can suppose
A13 = 1. From(4) we get the following brackets:

[Z1, Z3] = −Z2,

[Z1, [Z1, Z3]] =A12Z2 + B12Z3,

[Z1, [Z1, [Z1, Z3]]] = −(A2
12 + B12)Z2 − A12B12Z3,

[Z1, [Z1, [Z1, [Z1, Z3]]]] =A12(A
2
12 + 2B12)Z2 + B12(A

2
12 + B12)Z3,

[Z1, [Z1, [Z1, [Z1, [Z1, Z3]]]]] = −(A4
12 + 3A2

12B12 + B2
12)Z2 − A12B12(A

2
12 + 2B12)Z3.

We prove now that ifB12 �= 0 then the coefficients ofZ2 andZ3 in the latter bracket
do not vanish simultaneously. The coefficient ofZ3 vanishes ifA12 = 0 or A2

12 =
−2B12; but if A12 = 0 then the coefficient ofZ2 is nonzero, and ifA2

12 = −2B12 then
[Z1, [Z1, [Z1, [Z1, [Z1, Z3]]]]] = B2

12Z2 �= 0.
Therefore, ifB12 does not vanish theng5 is not zero, which is in contradiction to the

fact that any six-dimensional nilpotent Lie algebrag has step of nilpotency≤ 5. Thus, if
A13 �= 0 thenB12 = 0. Moreover,A12 = 0 because otherwiseg5 would be again nonzero.
SoEq. (4)reduce to

dω1 = 0, dω2 = A13ω1 ∧ ω3 + A11̄ω1 ∧ ω̄1, dω3 = B11̄ω1 ∧ ω̄1

and, interchangingω2 with ω3, we get again the equations of a nilpotent complex
structure. �

Let g be a nilpotent Lie algebra having a complex structureJ , and let us denote by
Sc(g, J) the set of all symplectic formsΩ ong which are compatible withJ . ThenSc(g, J)
can be identified with

Sc(g, J) = Z̃1,1(g, J) ∩ V(g), (5)

whereZ̃1,1(g, J) is the vector space of all closed real(1,1)-forms ongC andV(g) is the set
of 2-forms ong which are nondegenerate. Moreover, it is clear thatZ̃1,1(g, J) is identified
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with Z1,1(g, J)∩ {Ω ∈ ∧1,1(g∗)|Ω = Ω̄}, whereZ1,1(g, J) = ker{d|∧1,1(g∗) : ∧1,1(g∗) →
∧3
C
(g∗)}.

Therefore, the setSc(g, J) is an open subset of the vector spaceZ̃1,1(g, J), which
eventually could be empty. If there exist compatible symplectic forms, then the dimen-
sion ofSc(g, J) is equal to dimZ̃1,1(g, J), because the tangent spaceTΩSc(g, J) at any
J-compatible formΩ is identified toZ̃1,1(g, J).

Notice thatg has a pseudo-Kähler metric if and only ifSc(g, J) �= ∅, for some complex
structureJ on g. So, the nonexistence of pseudo-Kähler metrics ong is a subtle problem,
because in order to prove that there is no compatible pair(J,Ω) we must take into account
the whole of the setC(g) of complex structuresJ on g and prove the nonexistence of
a compatibleΩ for any J . In addition, there are nilpotent Lie algebras having complex
structuresJ1 andJ2 such that there exist compatible symplectic forms forJ1 but with
Sc(g, J2) = ∅.

In the following theorem we prove that, in dimension 6,Sc(g, J) = ∅ for any complex
structureJ that is not nilpotent.

Theorem 2.5. The complex structure underlying any pseudo-Kähler metric on a six-
dimensional nilpotent Lie algebra is nilpotent.

Proof. Let J be a complex structure on a six-dimensional nilpotent Lie algebrag. It is
sufficient to prove that ifJ is not nilpotent then any closed 2-form compatible withJ is
degenerate. In view ofPropositions 2.2 and 2.4, a nonnilpotent complex structure can be
obtained only whenB22̄ = 0 andA13̄ �= 0. Let us suppose then that the structure equations
for (g, J) are

dω1 = 0,

dω2 = A12ω1 ∧ ω2 + A13ω1 ∧ ω3 + A11̄ω1 ∧ ω̄1 + A13̄ω1 ∧ ω̄3,

dω3 = B12ω1 ∧ ω2 + B13ω1 ∧ ω3 + B11̄ω1 ∧ ω̄1 + B12̄ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1,

where the coefficients must guarantee the nilpotency ofg and satisfy the relations given in
Lemma 2.3. From(11̄2̄)2 in Lemma 2.3it follows thatB12 = 0, and from condition(11̄3̄)2
we deduce thatB13 = 0. Moreover, the nilpotency ofg implies thatA12 = 0, because
otherwise [Z1, · · · [Z1, [Z1, Z2]] · · · ] = (−A12)

kZ2 �= 0 for anyk.
LetΩ be a 2-form compatible withJ , that is,Ω ∈ ∧1,1(g). Therefore,

Ω =
3∑

j=1

(ajω1 + bjω2 + cjω3) ∧ ω̄j

for some coefficientsaj, bj, cj ∈ C, for j = 1,2,3. A direct calculation shows thatΩ ∈
Z1,1(g, J), i.e. dΩ = 0, implies the following relations:2

(121̄)0 a3B̄12̄ − b2Ā11̄ − b3B̄11̄ = 0, (132̄)0 b2A13 − c3B̄21̄ = 0,
(122̄)0 b3B̄21̄ = 0, (231̄)0 b2Ā13̄ − c3B̄12̄ = 0.

2 Here we use the label(jkl̄)0 for the coefficient ofωj ∧ ωk ∧ ω̄l in the equation dΩ = 0.
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Notice that ifĀ13̄B̄21̄ −A13B̄12̄ = 0, then(11̄3̄)3 in Lemma 2.3impliesB21̄ = 0 (because
A13̄ �= 0), and thusB12̄ = 0 by condition(121̄)2. Therefore, in this case the complex
structureJ is nilpotent (it suffices to interchangeω2 with ω3 in the equations above).

SinceJ is nonnilpotent, we have necessarily

det

(
A13 −B̄21̄

Ā13̄ −B̄12̄

)
�= 0,

so from(132̄)0 and(231̄)0, we conclude thatb2 = c3 = 0 if the 2-formΩ is closed.
Moreover, arguing as above, equations inLemma 2.3imply thatB21̄ = 0 if and only if

B12̄ = 0, and in this caseJ is nilpotent. Therefore,B12̄B21̄ �= 0 and the conditions(121̄)0
and(122̄)0 are satisfied if and only ifa3 = b3 = 0.

Finally, sincea3 = b3 = c3 = 0, it is clear thatΩ3 = 0, that is,Ω must be degener-
ate if it is closed; thus,Z1,1(g, J) ∩ V(g) = ∅ for any nonnilpotent complex structureJ
ong. �

Corollary 2.6. In dimension 6, if J has a compatible symplectic form then J is nilpotent.

We conjecture that this result is still true for any dimension 2n, that is: any complex
structure on a nilpotent Lie algebra of dimension 2n must be nilpotent in presence of a
compatible symplectic form.Corollary 2.6together withRemark 4.3, give an affirmative
answer forn ≤ 3.

Remark 2.7. Notice that in the proof ofTheorem 2.5, we have obtained the following
slightly stronger result: If a complex structureJ possesses a compatible closed 2-form (not
necessarily real) thenJ must be nilpotent.

Following the notation below, the Lie algebrah26 = (0,0,12,13,23,14 + 25) has
symplectic forms and complex structures[8] and, since the centre ofh26 is one-dimensional,
any complex structure cannot be nilpotent[3]. FromCorollary 2.6, given any symplectic
formΩ onh26, there is no complex structureJ onh26 compatible withΩ, that is as in the
following corollary.

Corollary 2.8. Any Lie algebrag isomorphic toh26 = (0,0,12,13,23,14 + 25) has
complex and symplectic structures, but there exists no pseudo-Kähler metric ong, i.e.
Sc(g, J) = ∅ for anyJ ∈ C(g).

As far as we know, this is the first known example of a nilpotent Lie algebra having such
a property.

3. The classification

In this section, we classify six-dimensional nilpotent Lie algebras admitting pseudo-Kähler
metrics. More precisely, we shall prove the following result.
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Theorem 3.1. Let g be a(nonabelian) nilpotent Lie algebra of dimension 6. Then, g pos-
sesses a compatible pair(J,Ω) if and only ifg is isomorphic to one of the following Lie
algebras:

h2 = (0,0,0,0,12,34),

h4 = (0,0,0,0,12,14+ 23),

h5 = (0,0,0,0,13+ 42,14+ 23),

h6 = (0,0,0,0,12,13),

h7 = (0,0,0,12,13,23),

h8 = (0,0,0,0,0,12),

h9 = (0,0,0,0,12,14+ 25),

h10 = (0,0,0,12,13,14),

h11 = (0,0,0,12,13,14+ 23),

h12 = (0,0,0,12,13,24),

h13 = (0,0,0,12,13+ 14,24),

h14 = (0,0,0,12,14,13+ 42),

h15 = (0,0,0,12,13+ 42,14+ 23).

Notation. Some explanation about this notation is needed. In the list above, we have
combined the notationhk of the table given in[2] and the structure description of the
Lie algebras as it appears in[8]. For example,h2 = (0,0,0,0,12,34) means that there
is a basis{X1, . . . , X6} for the Lie algebra in terms of which the only nonzero bracket
relations are [X1, X2] = −X5 and [X3, X4] = −X6. Equivalently, in terms of the dual
basis{α1, . . . , α6} the Chevalley–Eilenberg differential d is given by

dα1 = dα2 = dα3 = dα4 = 0, dα5 = α1 ∧ α2, dα6 = α3 ∧ α4.

For more information on the ascending series, Betti numbers or the dimension of the set of
symplectic forms on each Lie algebra, see[2,8].

It follows from [2] that any Lie algebra admitting a nilpotent complex structure must
be isomorphic tohk, for somek ≤ 16. On the other hand, among these algebras, only
h3 = (0,0,0,0,0,12+34)andh16 = (0,0,0,12,14,24)do not possess symplectic forms.
Therefore,Theorem 3.1states that these two are the only algebras not having pseudo-Kähler
metrics. Thus, the classification result can be summarized as follows.

Corollary 3.2. In dimension 6, the Lie algebrag has compatible pairs(J,Ω) if and only if
it admits both symplectic and nilpotent complex structures.

Remark 3.3. In [5], we have classified six-dimensional nilpotent Lie algebras having
pseudo-Kähler metrics whose underlying complex structure is abelian, soTheorem 3.1
extends our previous results. Also, it completes some partial results on the existence of
pseudo-Kähler metrics given in[6, p. 18].
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Our proof ofTheorem 3.1will consist in a case by case study, in which we construct
explicit pseudo-Kähler metrics when they exist. This is detailed inPropositions 3.5–3.10.

First of all, by Theorem 2.5it suffices to restrict our attention to nilpotent complex
structures in order to obtain such classification. Thus, along this section,J will denote a
nilpotentcomplex structure on a nilpotent Lie algebrag of dimension 6. Therefore, the
(complex) structure equations of(g, J) can always be expressed as

dω1 = 0, dω2 = A11̄ω1 ∧ ω̄1,

dω3 = B12ω1 ∧ ω2 + B11̄ω1 ∧ ω̄1 + B12̄ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1 + B22̄ω2 ∧ ω̄2,

where the coefficientsA’s andB’s are complex numbers satisfying those restrictions im-
posed by the Jacobi identity of the Lie bracket ofg. Observe that the nilpotency ofg follows
from the form of these equations. Also, notice thatJ is abelian if and only ifB12 = 0.

LetΩ be a 2-form ong of type(1,1) with respect toJ . Then

Ω =
3∑

j=1

(ajω1 + bjω2 + cjω3) ∧ ω̄j,

whereaj, bj, cj ∈ C. It is clear thatΩ is a real form, i.e.Ω = Ω̄, if and only if these
coefficients satisfyb1 = −ā2, c1 = −ā3, c2 = −b̄3, anda1 + ā1 = b2 + b̄2 = c3 + c̄3 = 0,
that is,a1, b2, c3 are purely imaginary.

Lemma 3.4. Let J be a nilpotent complex structure ong, with structure equations as above.
Denote byV(g, J) the real vector space of all(ia1, ib2, ic3, a2, a3, b3) ∈ R

3×C
3 satisfying

the conditions:
(121̄)0 a3B̄12̄ − b2Ā11̄ − b3B̄11̄ − ā3B12 = 0,

(122̄)0 a3B̄22̄ − b3B̄21̄ − b̄3B12 = 0,
(123̄)0 c3B12 = 0,

(131̄)0 b̄3Ā11̄ − c3B̄11̄ = 0,

(132̄)0 c3B̄21̄ = 0,

(231̄)0 c3B̄12̄ = 0,

(232̄)0 c3B̄22̄ = 0.

(6)

If the setSc(g, J) of compatible symplectic forms is nonempty, thendimSc(g, J) = dim
V(g, J).

Proof. Since dimSc(g, J) = dim Z̃1,1(g, J), it suffices to check that the real vector spaces
Z̃1,1(g, J) andV(g, J) have the same dimension. But a simple calculation using the structure
equations ofJ above shows that a real(1,1)-formΩ is closed if and only if conditions(6)
hold. �

On the other hand, the nondegeneration ofΩ, i.e.Ω3 �= 0, is equivalent to

det




a1 a2 a3

−ā2 b2 b3

−ā3 −b̄3 c3


 �= 0. (7)
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Notice that ifJ andΩ are compatible, then we can define a pseudo-Kähler metricg by
g(X, Y) = Ω(X, JY), which in terms of the 6-tuple(a1, a2, a3, b2, b3, c3) and the basis
{ωj, ω̄j}3

j=1 is given by

g = −i(a1ω1#ω̄1 + b2ω2#ω̄2 + c3ω3#ω̄3 + a2ω1#ω̄2 − ā2ω2#ω̄1 + a3ω1#ω̄3

− ā3ω3#ω̄1 + b3ω2#ω̄3 − b̄3ω3#ω̄2), (8)

where # denotes the symmetric product.

Proposition 3.5. There are pseudo-Kähler metrics onh2, h4 andh6. More precisely:

(i) The Lie algebrah2 = (0,0,0,0,12,34) has a complex structure J such that its set of
compatible symplectic formsSc(h2, J) is six-dimensional.

(ii) There are complex structures J onh4 = (0,0,0,0,12,14+ 23) andh6 = (0,0,0,0,
12,13) whose sets of compatible symplectic forms have dimension 5.

Proof. Let us consider complex equations of the form:

dω1 = dω2 = 0, dω3 = ω1 ∧ ω2 + ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1. (9)

First, we shall see that these equations define a complex structureJ onh2 whenB21̄ = 1. In
fact, if we writeω1 = β1 + iβ2, ω2 = β3 + iβ4 andω3 = β5 + iβ6, then the (real) structure
equations of the underlying Lie algebra are

dβ1 = dβ2 = dβ3 = dβ4 = 0, dβ5 = β1 ∧ β3 − β2 ∧ β4,

dβ6 = −β1 ∧ β4 + 3β2 ∧ β3.

Since d(−√
3β5 + β6) = (−β1 + √

3β2)∧ (
√

3β3 + β4), and d(−√
3β5 − β6) = (−β1 −√

3β2) ∧ (
√

3β3 − β4), if we consider the (real) transformation:

α1 = −β1 +
√

3β2, α2 =
√

3β3 + β4, α3 = −β1 −
√

3β2,

α4 =
√

3β3 − β4, α5 = −
√

3β5 + β6, α6 = −
√

3β5 − β6,

then dα1 = dα2 = dα3 = dα4 = 0,dα5 = α1 ∧ α2,dα6 = α3 ∧ α4, equations which
correspond to the Lie algebrah2. On the other hand, from(6) and (9)it follows thatΩ is
closed if and only ifa3 − ā3 = 0, b3 + b̄3 = 0 andc3 = 0. Moreover,Ω is nondegenerate
if and only if a3b3(a2 + ā2) �= |a3|2b2 + |b3|2a1. Therefore,Sc(h2, J) is nonempty and
Lemma 3.4implies that dimSc(h2, J) = 6. This completes the proof of (i).

Now, if B21̄ = 2 in Eq. (9)and we defineα1, . . . , α6 byα4 + iα2 = ω1, α3 +2iα1 = 4ω2
andα5 + iα6 = ω3, then a simple calculation shows thatα1, . . . , α4 are closed, dα5 =
α1 ∧ α2 and dα6 = α1 ∧ α4 + α2 ∧ α3. Therefore, the equations above define a complex
structureJ onh4 whenB21̄ = 2. Moreover, from(6) we have thatΩ is closed if and only
if c3 = 0, a3 = ā3 andb̄3 = −2b3, which impliesb3 = 0. The nondegeneration ofΩ is
equivalent to|a3|2b2 �= 0. Thus,Sc(h4, J) �= ∅ and dimSc(h4, J) = 5 byLemma 3.4.

Finally, let us see thatEq. (9)with B21̄ = 0 define a complex structureJ onh6; in fact, if
we considerα1, . . . , α6 given byα2+iα3 = ω1, α1+iα4 = −2ω2 andα5+iα6 = ω3, then it
is easy to check thath6 is the underlying Lie algebra on whichJ is defined. Moreover, since
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it follows from (6) and (7)that a compatible 2-formΩ is closed and nondegenerate if and
only if b3 = c3 = 0, a3 = ā3 and|a3|2b2 �= 0, this implies thatSc(h6, J) has dimension 5.�

It is worthy to remark thath2 andh4 admit abelian complex structures, but none of them
admits compatible symplectic form (see[5] for details).

Proposition 3.6. There are abelian complex structures J onh5 = (0,0,0,0,13+42,14+
23) having compatible symplectic forms. Moreover, any such J satisfiesdimSc(h5, J) = 6.

Proof. In [5], it is proved that any abelian complex structure onh5 having compatibleΩ
can be expressed, up to complex transformation, by the structure equations:

dω1 = dω2 = 0, dω3 = ω1 ∧ ω̄2.

Now (6) implies that dΩ = 0 if and only ifa3 = c3 = 0. Moreover,Ω3 �= 0 is equivalent
to |b3|2a1 �= 0. FromLemma 3.4it follows that the setSc(h5, J) is six-dimensional for any
such abelianJ . �

Notice thath5 is the Lie algebra underlying the Iwasawa nilmanifold, so this algebra has
a complex structureJ such that [JX, Y ] = J [X, Y ] for all X, Y ∈ h5. In [4] it is proved
thatSc(g, J) = ∅ for any complex structureJ satisfying this condition on a nilpotent Lie
algebrag.

It is worthy to remark thath5 has also abelian complex structures which do not possess
compatible symplectic form[5].

Proposition 3.7. Any complex structure J onh8 = (0,0,0,0,0,12) is abelian, and the set
of compatible symplectic forms has dimension 6 for any such J.

Proof. Since the first Betti number ofh8 is 5, any complex structure must be abelian, an
observation already made in[8] (see also Proposition 5.2 in[4]). Moreover, it is proved in
[5] that, up to a complex transformation, the structure equations of anyJ onh8 reduce to

dω1 = dω2 = 0, dω3 = ω1 ∧ ω̄1.

So, a compatible formΩ is closed if and only ifb3 = c3 = 0, and the nondegenera-
tion of Ω is equivalent tob2|a3|2 �= 0; this implies thatSc(h8, J) is six-dimensional by
Lemma 3.4. �

Proposition 3.8. Any complex structure J onh9 = (0,0,0,0,12,14+ 25) is abelian and
has a compatible symplectic form. Moreover, dimSc(h9, J) = 4 for any J.

Proof. From the proof ofTheorem 2.5, it is easy to see that a nonnilpotent complex structure
cannot exist on a six-dimensional nilpotent Lie algebra whose first Betti number equals 4.
Therefore, any complex structureJ onh9 is necessarily nilpotent, becauseh9 has first Betti
number equal to 4. Moreover, in[4] (Proposition 5.3) it is proved that any nilpotent complex
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structureJ onh9 is abelian, and in[5] it is shown that, up to a complex transformation, the
structure equations of anyJ onh9 are

dω1 = 0, dω2 = ω1 ∧ ω̄1, dω3 = ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1,

where |B21̄| = 1. Now, any real 2-formΩ compatible withJ is closed if and only if
b3 = c3 = 0 anda3 = b2. Moreover,Ω is nondegenerate if and only ifb2 �= 0. Thus, for
anyJ onh9, the space of compatible symplectic forms is four-dimensional. �

Proposition 3.9. The Lie algebrash7 andh10, . . . , h14 admit pseudo-Kähler metrics. More
precisely:

(i) The Lie algebrash7 = (0,0,0,12,13,23) andh14 = (0,0,0,12,14,13+ 42) have
a complex structure admitting a five-dimensional set of compatible symplectic forms.

(ii) The Lie algebrash10 = (0,0,0,12,13,14), h11 = (0,0,0,12,13,14+ 23), h12 =
(0,0,0,12,13,24) andh13 = (0,0,0,12,13+ 14,24) possess a complex structure
having a four-dimensional set of compatible symplectic forms.

Proof. Let us consider the complex equations:

dω1 = 0, dω2 = ω1 ∧ ω̄1, dω3 = ω1 ∧ ω2 + B12̄ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1,

whereB12̄ = r + it, B21̄ = s − it, for r, s, t ∈ R, that is, ImB21̄ = −ImB12̄. Now, we
defineα1, . . . , α6 by α1 + iα2 = ω1,−2α3 − 2iα4 = ω2 and−4α5 − 4iα6 = ω3. A simple
calculation shows that

dα1 = dα2 = dα3 = 0, dα4 = α1 ∧ α2,

dα5 = 1 + r − s

2
α1 ∧ α3 − 1 − r + s

2
α2 ∧ α4,

dα6 = tα1 ∧ α3 + 1 − r − s

2
α1 ∧ α4 + 1 + r + s

2
α2 ∧ α3 + tα2 ∧ α4. (10)

Let us suppose firstB12̄ = 1 andB21̄ = 0. From(10) we get directly the Lie algebrah7 in
this case.

On the other hand, letJ be the complex structure defined byB12̄ = 1 andB21̄ = 2. It
follows from(10) that dα4 = α1 ∧ α2,dα5 = −α2 ∧ α4 and dα6 = −α1 ∧ α4 + 2α2 ∧ α3.
Now, if we consider the change of basisβ1 = −α2, β2 = α1, β3 = −2α3 andβj = αj for
j = 4,5,6, then we get that the Lie algebra underlyingJ is (0,0,0,12,14,13+42) = h14.

From(6) we have that dΩ = 0 if and only ifb3 = c3 = 0 andb2 = a3 − ā3. Moreover,
Ω3 �= 0 if and only if |a3|2(a3 − ā3) �= 0. Thus, the set of compatible symplectic forms is
nonempty and has dimension 5, byLemma 3.4. This completes the proof of (i).

Now, if B12̄ = 0, B21̄ = −1 then from(10) we get that the underlying Lie algebra is
h10. Moreover, the Lie algebrah11 is obtained whenB12̄ = 2 andB21̄ = 1, which follows
directly from(10)by multiplyingα3 andα5 by −2, and changing the sign ofα6.

If B12̄ = 1+i andB21̄ = −i, then we can consider the change of basisβ4 = α4+α3, β6 =
α6 − α5, βj = αj for j �= 4,6, and it follows from(10) thatβ1, β2, β3 are closed, dβ4 =
β1 ∧ β2,dβ5 = β1 ∧ β3 and dβ6 = β2 ∧ β4, that is, the Lie algebra ish12.
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If B12̄ = −1 + i andB21̄ = −i, then fromEq. (10)we get that dα5 = −α2 ∧ α4 and
dα6 = α1 ∧ α3 + α1 ∧ α4 + α2 ∧ α4. Thus, if we consider the change of basis given by
β5 = α5 + α6, β6 = −α5, βj = αj for j �= 5,6, then we conclude that the underlying Lie
algebra ish13.

Now, from (6) we have thatc3 = 0 becauseB12 = 1 in any case. Also, from(131̄)0
in (6) we getb3 = 0, becauseB11̄ = 0 andA11̄ = 1. It remains to consider the equation
(121̄)0, that is,b2 = a3B̄12̄ − ā3. Sinceb2 + b̄2 = 0, the coefficienta3 must satisfy
a3(B̄12̄ − 1) + ā3(B12̄ − 1) = 0. SinceB12̄ = 0,2,1 + i or −1 + i, the latter equation is
nontrivial.

Finally, in order to complete the proof of (ii), notice thatΩ3 �= 0 if and only if
|a3|2(a3B̄12̄ − ā3) �= 0. Therefore, the set of compatible symplectic forms is nonempty
and has dimension 4 byLemma 3.4. �

Proposition 3.10. There are abelian complex structures J onh15 = (0,0,0,12,13 +
42,14+ 23) having compatible symplectic forms. Moreover, dimSc(h15, J) = 4 for any
such J.

Proof. It is proved in[5] that any abelian complex structure onh15 having compatibleΩ
is given, up to complex isomorphism, by the equations:

dω1 = 0, dω2 = ω1 ∧ ω̄1, dω3 = ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1,

where|B21̄| �= 1. Now, from(6) and (7)it follows thatΩ is closed and nondegenerate if and
only if b3 = c3 = 0 anda3 = b2 �= 0, which implies thatSc(h15, J) is four-dimensional
for any such an abelianJ . �

Remark 3.11. Let us remark thath15 possesses abelian complex structuresJ not admitting
compatibleΩ. In fact, in [5] it is shown that any such aJ is, up to isomorphism, defined
by: dω1 = 0,dω2 = ω1 ∧ ω̄1,dω3 = ω2 ∧ ω̄1.

4. Curvature of pseudo-Kähler metrics

Since any pseudo-Kähler metric on a nilpotent Lie algebra is Ricci flat[6], our goal in
this section is to show how the curvature tensorR varies when we perform a deformation
of the metric.

Next we recall some basic definitions, adapted to our setting. First of all, since we are
working at the level of a Lie algebrag, the Koszul formula for the Levi–Civita connection
∇ of a metricg, extended to the complexificationgC of the Lie algebra, reduces to

2g(∇XY, T) = g([X, Y ], T) − g([Y, T ], X) + g([T,X], Y)

for X, Y, T ∈ gC.
Let us consider a pseudo-Kähler metricggiven by(8)with respect to the basis{ω1, ω2, ω3}

for g1,0. We shall express∇ in terms of its dual basis{Z1, Z2, Z3} for g1,0 and its com-
plex conjugate. Notice that∇Z̄k

Z̄j = ∇Zk
Zj and∇Zk

Z̄j = ∇Z̄k
Zj, becauseg is real,
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therefore it suffices to compute∇Zk
Zj and∇Z̄k

Zj, for j, k = 1,2,3. Moreover,(g, J) is a

pseudo-Kähler structure, so∇J = 0, i.e.∇X(JY) = J(∇XY), for X, Y ∈ gC. This implies
∇XY ∈ g1,0, wheneverY ∈ g1,0. In particular,∇XZj has type(1,0) with respect to the
complex structure, forj = 1,2,3.

We shall also compute the curvature tensorR of g, which is given by

RXYUV = g(∇[X,Y ]U − [∇X,∇Y ]U,V)

for X, Y,U, V ∈ gC, in terms of the basis{Zj, Z̄j}3
j=1 for gC. Notice that ifU ∈ g1,0

thenRXYUV is zero for anyV ∈ g1,0. By the symmetries of the curvature and the fact
thatRX̄ȲŪV̄ = RXYUV, we conclude thatg is nonflat if and only ifRXȲUV̄ �= 0 for some
X, Y,U, V ∈ g1,0. Therefore, to study the flatness of a metricg given by(8) it suffices to
calculateRZjZ̄kZlZ̄m

.
It is clear that the existence of flat or nonflat pseudo-Kähler metrics on a Lie algebra
g is a property which is invariant under complex isomorphisms, in the following sense.
Let J, J ′ be two isomorphic complex structures ong. Then, there is a nonflat (resp. flat)
pseudo-Kähler metric ong compatible withJ if and only if there is a nonflat (resp. flat)
pseudo-Kähler metric ong compatible withJ ′.

From now on, we restrict our attention to abelian complex structuresJ , that is to
pseudo-Kähler metrics whose underlying complex structure is abelian. In dimension 6,
there are four (nonisomorphic) Lie algebras having such a pseudo-Kähler metricg, namely
h5, h8, h9 andh15 (see[5] for details). We shall prove next that the flatness ofg only depends
on its underlying complex structure.

Theorem 4.1. Let g be a (nonabelian) nilpotent Lie algebra of dimension 6, and g a
pseudo-Kähler metric ong whose underlying complex structure is abelian. Then, the Lie
algebrag is isomorphic toh5, h8, h9 or h15. Moreover:

(i) Any such a metric g onh8 is flat.
(ii) Any metric g on the Lie algebrash5 andh9 is Ricci flat but nonflat.

(iii) The Lie algebrah15 has both flat and Ricci flat nonflat metrics g. Moreover, fixed an
abelian complex structure J onh15, the corresponding pseudo-Kähler metrics are all
either flat or Ricci flat nonflat.

Proof. As it has been proved inProposition 3.7, any complex structure onh8 is abelian and
can be expressed, up to complex isomorphism, by the equations:

dω1 = dω2 = 0, dω3 = ω1 ∧ ω̄1.

The corresponding pseudo-Kähler metricsg are given by(8)with b3 = c3 = 0 anda3, b2 �=
0. Now direct calculations in terms of the basis{Z1, Z2, Z3}, dual to the basis{ω1, ω2, ω3},
show that the Levi–Civita connection is given, up to complex conjugation, by

∇Z1Z1 = a3

ā3
Z3, ∇Z̄1

Z1 = Z3

with the rest vanishing. Now it is easy to check that the curvature tensorR of any such a
metricg vanishes identically. This completes the proof of (i).
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Next let us prove (ii) forh5. FromProposition 3.6, we know that any two abelian complex
structures onh5 having a compatible pseudo-Kähler metric are isomorphic, and can be
expressed by the equations:

dω1 = dω2 = 0, dω3 = ω1 ∧ ω̄2. (11)

The corresponding metricsg given by(8) satisfya3 = c3 = 0 anda1, b3 �= 0. A direct cal-
culation in terms of the basis{Z1, Z2, Z3}, dual to{ω1, ω2, ω3}, shows that the Levi–Civita
connection is given, up to complex conjugation, by

∇Z2Z2 = −b3

a1
Z1 − a2b3

a1b̄3
Z3, ∇Z̄2

Z1 = Z3

with the rest vanishing. Now it is easy to check that the only nonzero component of the
curvature tensor is

RZ2Z̄2Z2Z̄2
= −i

|b3|2
a1

.

Since ia1 and|b3| are nonzero real numbers for any pseudo-Kähler metricg, its curvature
does not vanish. Let us notice that, for the Lie algebrah5, if b2 �= 0 then the two-dimensional
subspace generated byZ2 andZ̄2 is nondegenerate and has nonzero sectional curvature,
while all the other sectional curvatures vanish.

Finally, we prove (ii) forh9, and (iii). As it has been proved inProposition 3.8, any
complex structure onh9 is abelian and can be expressed, up to complex isomorphism, by
the equations:

dω1 = 0, dω2 = ω1 ∧ ω̄1, dω3 = ω1 ∧ ω̄2 + B21̄ω2 ∧ ω̄1, (12)

where |B21̄| = 1. On the other hand, fromProposition 3.10we know that any abelian
complex structure onh15 having compatible pseudo-Kähler metrics is given, up to complex
isomorphism, by the same equations, but with|B21̄| �= 1. In both cases, the corresponding
metricsg are given by(8) and satisfyb3 = c3 = 0, anda3 = b2 �= 0.

A straightforward computation in terms of the basis{Z1, Z2, Z3} dual to{ω1, ω2, ω3}
shows that the Levi–Civita connection is given, up to complex conjugation, by

∇Z1Z1 = −B̄21̄Z2 + a2 + ā2B̄21̄

ā3
Z3, ∇Z1Z2 = ∇Z2Z1 = a3

ā3
Z3,

∇Z̄1
Z1 = Z2, ∇Z̄1

Z2 = B21̄Z3, ∇Z̄2
Z1 = Z3

with the rest vanishing. Using these expressions, it is easy to check that the components of
the curvature tensorR are all zero, except possibly

RZ1Z̄1Z1Z̄1
= iā3(3 − |B21̄|2).

Therefore, the metric is flat if and only if|B21̄|2 = 3, becausea3 is nonzero.
Since the underlying Lie algebra ish9 if and only if |B21̄| = 1, we conclude (ii) forh9.
Finally, if |B21̄| = √

3 then any pseudo-Kähler metric associated to the complex structure
defined by(12) is flat, and if|B21̄| �= 1,

√
3, then the pseudo-Kähler metrics are nonflat.

This proves (iii).
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Again, we must notice that in both cases, forh9 andh15, if the metric is nonflat and
a1 �= 0 then the two-dimensional subspace generated byZ1 andZ̄1 is nondegenerate and it
is the only with nonzero sectional curvature. �

In [6] the authors define a pseudo-Kähler metric onh5 whose underlying complex struc-
ture is abelian, and which is nonflat; our result above says that this happens for any such a
metric.

FromPropositions 3.7 and 3.8, any complex structure onh8 andh9 is abelian. Therefore
we have the following corollary.

Corollary 4.2. Any pseudo-Kähler metric on the Lie algebrah8 is flat, whereas any
pseudo-Kähler metric onh9 is nonflat.

Remark 4.3. In dimension 4, there is (up to isomorphism) only one nonabelian nilpotent
Lie algebra having complex structures. This Lie algebra, which we denote byKt, is the
one underlying the well-known Kodaira–Thurston manifold[9]. It is easy to prove that
any complex structureJ onKt can be expressed by the complex equations dω1 = 0 and
dω2 = ω1 ∧ ω̄1, so such aJ is always abelian. Now, a direct calculation shows that
dimSc(Kt, J) = 3, and any pseudo-Kähler metricg onKt is given by

g = −i(a1ω1#ω̄1 + a2ω1#ω̄2 − ā2ω2#ω̄1),

wherea2 ∈ C − {0} and ia1 ∈ R. It is easy to check that all these metrics are flat. Notice
that the six-dimensional Lie algebrah8 is a trivial extension ofKt.

In the table below, we show the dimension of the set of pseudo-Kähler metrics with abelian
underlying complex structure on nilpotent Lie algebras, together with information on their
curvature:

Pseudo-Kähler metrics withJ abelian in dimension≤ 6

Algebra Structure dimSc Ric R

a2k (0, 2k. . . ,0) k2 0 0
Kt (0,0,0,12) 3 0 0
h5 (0,0,0,0,13+ 42,14+ 23) 6 0 �= 0
h8 = Kt × a2 (0,0,0,0,0,12) 6 0 0
h9 (0,0,0,0,12,14+ 25) 4 0 �= 0
h15 (0,0,0,12,13+ 42,14+ 23) 4 0 0, �= 0

Remark 4.4. There are nonflat pseudo-Kähler metrics whose underlying complex structure
is nonabelian. For example, let us consider the Lie algebrah2 with the complex structure
J defined byEq. (9)with B21̄ = 1. From the proof ofProposition 3.5, any pseudo-Kähler
metric g on h2 compatible withJ is given by(8) with a3 = ā3, b3 = −b̄3, c3 = 0 and
µ = (a3)

2b2−(b3)
2a1−a3b3(a2+ā2) �= 0. A direct calculation shows that the components
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RZjZ̄jZjZ̄j
(j = 1,2) of the curvature tensorR of g are

RZ1Z̄1Z1Z̄1
= −i(a3)

4

µ
, RZ2Z̄2Z2Z̄2

= −i(b3)
4

µ
.

Sincea3 andb3 cannot vanish simultaneously, we conclude that any pseudo-Kähler metric
onh2 compatible with the nilpotent (nonabelian) complex structureJ is nonflat.

4.1. Deformation of pseudo-Kähler metrics

Here we show how to construct curves of pseudo-Kähler metrics and study the variation
of the curvature tensor of these metrics when we move along the curves. According to
Theorem 4.1, we shall only consider the Lie algebrah15, although similar constructions can
be done on any of the remaining algebras inTheorem 3.1.

Let {X1, . . . , X6} be the basis forh15 for which the nonzero defining bracket relations
are

[X1, X2] = −X4, −[X1, X3] = [X2, X4] = X5,

[X1, X4] = [X2, X3] = −X6.

Let f : I → R be a continuous function defined on some connected intervalI ⊂ R such
thatf(t) �= ±1, for all t ∈ I. We define the almost complex structureJt onh15 given by

Jt =




0 1 0 0 0 0

−1 0 0 0 0 0

0 0 0 −1 0 0

0 0 1 0 0 0

0 0 0 0 0
f(t) + 1

f(t) − 1

0 0 0 0
1 − f(t)

1 + f(t)
0




for eacht ∈ I.
Now, if {α1, . . . , α6}denotes the basis for(h15)

∗ dual to{X1, . . . , X6}, then the(1,0)-forms
ω1 = α1 − iα2, ω2 = 2α3 + 2iα4, andωt

3 = 2(f(t) − 1)α5 − 2i(f(t) + 1)α6 constitute a

basis for(h15)
1,0
t , and the complex structure equations are

dω1 = 0, dω2 = ω1 ∧ ω̄1, dωt
3 = f(t)ω1 ∧ ω̄2 + ω2 ∧ ω̄1. (13)

This shows thatJt is abelian, and so integrable, for eacht ∈ I.
Since A11̄ = B21̄ = 1, B12̄ = f(t) and the remaining coefficients all vanish,

Proposition 3.10andRemark 3.11imply thatJt has compatible symplectic forms if and
only if f(t) �= 0. Moreover, in this case conditions(6) and (7)imply b3 = c3 = 0 and
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b2 = f(t)a3 �= 0, and from(8) it follows that the pseudo-Kähler metrics are

gx,y,r,s,t = rα1#α1 + rα2#α2 + 4sα3#α3 + 4sα4#α4 + 4yα1#α3 − 4xα1#α4

+ 4s
f(t) − 1

f(t)
α1#α5 − 4xα2#α3 − 4yα2#α4 + 4s

f(t) + 1

f(t)
α2#α6, (14)

wherer = −ia1, x + iy = a2 ands = −ib2, that is,x, y, r, s ∈ R ands �= 0. Notice that
gx,y,r,s,t(X, Y) = 0 for anyX, Y in the centre of the Lie algebra.

On the other hand, it is easy to check that the corresponding symplectic forms are given
by

Ωx,y,r,s,t = −2rα1 ∧ α2 + 4xα1 ∧ α3 + 4yα1 ∧ α4 − 4s
f(t) + 1

f(t)
α1 ∧ α6

+ 4yα2 ∧ α3 − 4xα2 ∧ α4 + 4s
f(t) − 1

f(t)
α2 ∧ α5 + 8sα3 ∧ α4,

wherex, y, r, s ∈ R ands, f(t) are nonzero.

Proposition 4.5. Suppose thatf(t) �= 0,±1 for all t ∈ I, and letx, y, r, s : I → R be
continuous functions such thats(t) is nonzero for allt ∈ I. Then, the curvature of any metric
in the curvegt = gx(t),y(t),r(t),s(t),t , t ∈ I, of pseudo-Kähler metrics given by(14)on the Lie
algebrah15 satisfies:

(i) If |f(I)| ⊂ (1,∞), then any metric in the curvegt is nonflat.
(ii) If |f(I)| ⊂ (0,1) then, gt is nonflat if and only iff(t) �= ±(

√
3/3).

All the complex structuresJt in case (i) induce the same orientation onh15,which is opposite
to the orientation induced by any complex structure in (ii).

Proof. It follows directly from the proof of (iii) inTheorem 4.1. In fact, if we normalize
the coefficients in(13) in order to get equations of the form(12), then the new coefficient
B21̄ is equal to 1/f(t), and the only eventually nonvanishing component of the curvatureR

is equal tos(t)(3f(t)2 − 1)/f(t)3. Therefore, the metricgt is flat if and only iff(t)2 = 1/3.
Finally, it is easy to check that the orientation form which corresponds toJt is given by

1 + f(t)

1 − f(t)
α1 ∧ α2 ∧ α3 ∧ α4 ∧ α5 ∧ α6. �

Particular examples of curves of pseudo-Kähler metrics along of which the curvature has
a special behaviour are the following:

(1) Let us considerf(t) = (
√

3/3) sint, for t ∈ R. Sincef(t) �= ±1, we have an abelian
complex structureJt onh15 for all t ∈ R. (Notice thatJt has no compatible symplectic
form if and only iff(t) = 0, i.e.t = kπ, k ∈ Z.) On the other hand, in view of (ii) in
Proposition 4.5, if t = (2k + 1)π/2, k ∈ Z, thenf(t) = ±√

3/3 and the associated
metricgt is flat. Finally, if t �= kπ, (2k + 1)π/2, for anyk ∈ Z, then the metricgt is
nonflat.
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(2) Consider nowf(t) = (2+ cost)/4, for t ∈ R. Since the image off is contained in the
closed interval [1/4,3/4], in particularf(t) �= 0,±1, and therefore the corresponding
complex structureJt has a compatible metricgt , for all t ∈ R. Moreover, there is an
infinite number of isolatedt’s such thatf(t) = √

3/3 ∈ [1/4,3/4], so we conclude
from Proposition 4.5that the flatness of the metricgt changes along the curve.

(3) The only eventually nonvanishing component of the curvatureRt of gt takes the value
s(t)(3f(t)2 − 1)/f(t)3. So, if |f(I)| ⊂ (1,∞) and we takes(t) = f(t)3/(3f(t)2 − 1),
then any metricgt is nonflat and the curvatureRt does not vary along the curve. In an
analogous way, if for example the functionf satisfiesf(t) ⊂ (0,

√
3/3), for all t ∈ I,

then we get the same behaviour as before, but now the orientation induced bygt is
opposite.

Finally, we notice that in (1) and (2) above the functionsx(t), y(t), r(t) and s(t) can
be chosen so that the resulting curvesgt be periodic. In (3) we can also take suitable
f(t), x(t), y(t) andr(t) in order to construct a periodic curve of pseudo-Kähler metrics.

4.2. Passing to the Lie group

We finish this paper by showing how one can give explicitly complex coordinates (as
a complex manifold) on a nilpotent Lie group, and then on the associated nilmanifold,
starting from our knowledge of the complex structure on its Lie algebra. This is an standard
procedure, so we only develop in detail two examples:h5 andh15 endowed with the complex
structure given by(11) and (12), respectively.

Let us start fromEq. (11), and denote byJ the complex structure on the Lie algebra
h5 defined by these equations. We denote also byJ the associated left invariant complex
structure on the simply connected nilpotent Lie groupG5 whose Lie algebra ish5. In order
to find a representation of the complex manifold(G5, J), we proceed as follows.

First, by integrating the structure equations we obtain

ω1 = du, ω2 = dv, ω3 = dw − v̄du

for some (global) complex functionsu, v,w onG5.
Next, by using thatωj is left invariant forj = 1,2,3, one can deduce that left translation

L(a,b,c) by an element of complex coordinates(a, b, c) is given by

u ◦ L(a,b,c) = u + a, v ◦ L(a,b,c) = v + b, w ◦ L(a,b,c) = w + b̄u + c.

Thus, the complex manifold(G5, J) can be realized as the Lie group of complex matrices:

(G5, J) =






1 v̄ w

0 1 u

0 0 1


 |u, v,w ∈ C


 .

Now, in order to construct a compact complex nilmanifold that corresponds to the complex
equations (11), it suffices to take the quotient ofG5 by the subgroupΓ consisting of those
matrices whose entries{u, v,w} are Gaussian integers.
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It is worthy to compare this realization with the Iwasawa manifold (whose underlying
real Lie algebra is alsoh5), which may be described as a similar quotient of the complex
Heisenberg group.

We can proceed in an analogous way with the complexequations (12). Let G15 be the
simply connected nilpotent Lie group whose Lie algebra ish15, and denote byJ the left
invariant complex structure defined by(12)onG15. By integrating these equations, we get

ω1 = du, ω2 = dv − ūdu, ω3 = dw − B21̄ūdv +
(

1
2B21̄ū

2 + uū − v̄
)

du

for some global complex functionsu, v,w on (G15, J). Moreover, sinceωj is left invariant
for j = 1,2,3, the left translationL(a,b,c) by an element of complex coordinates(a, b, c)
is given by

u ◦ L(a,b,c) = u + a, v ◦ L(a,b,c) = v + āu + b,

w ◦ L(a,b,c) = w + B21̄āv − 1
2 āu

2 +
(

1
2B21̄ā

2 − aā + b̄
)
u + c. (15)

Therefore, we can realize the complex manifold(G15, J) as the Lie group of complex
matrices:

(G15, J) =







1 B21̄ū −1
2ū v̄ − uū + 1

2B21̄ū
2 w

0 1 0 ū v

0 0 1 2u u2

0 0 0 1 u

0 0 0 0 1




|u, v,w ∈ C



.

If we take the quotient ofG15 by the subgroupΓ consisting of those matrices whose
entries{u, v,w} are Gaussian integers, then we obtain a compact complex nilmanifold that
corresponds to the complexequations (12).

If B21̄ = 1/f(t) then one obtains a realization(Γ \G15, Jt) of the compact complex
nilmanifolds which correspond to the deformation given inSection 4.1.

Finally, notice that whenJ is abelian, the compact complex nilmanifold has Lefschetz
complex type(1,0), in the sense of[4].
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